Radial, angular and total correlation energies are calculated for four two-electron systems with atomic numbers Z = 0 -3 confined within an impenetrable sphere of radius R. We report accurate results for the non-relativistic, restricted Hartree-Fock and radial limit energies over a range of confinement radii from 0.05 -10 a 0 . At small R, the correlation energies approach limiting values that are independent of Z while at intermediate R, systems with Z  1 exhibit a characteristic maximum in the correlation energy resulting from an increase in the angular correlation energy which is offset by a decrease in the radial correlation energy.
Introduction
The concept of electron correlation energy ( corr E ) was first proposed by Wigner [1] in his classic study of free electrons in a metal. It was subsequently discussed by Gell-Mann and
Brueckner [2] in the context of an electron gas at high density and later defined by Löwdin [3] as the difference
where E is the exact, non-relativistic energy, HF E is the limiting unrestricted Hartree-Fock energy and corr E is seen to be negative.
Correlation energy is among the most important and difficult problems in quantum chemistry, having been characterized by Tew et al. [4] as "The many-body problem at the heart of chemistry." It is important because calculations of chemical accuracy require accurate evaluation of the correlation energy and because correlation energy calculations are a testing ground for the exchange potentials of density functional theory. It is difficult because accurate calculation of the correlation energy as a difference requires calculation of the non-relativistic energy and the Hartree-Fock energy to very high accuracy.
Understanding the factors that determine the correlation energy is complicated by the dearth of parameters that can be conveniently varied to measure their effect. For two-electron systems, the obvious parameter is Z, the nuclear charge. The effects of varying Z have been studied in great detail by Koga et al [5] . Ezra and Berry [6] constrained the electrons to move on the surface of a sphere and investigated Coulombic, Gaussian and -function repulsive interactions. They then extended this work to two particles on concentric spheres [7] . Recently Loos and Gill have varied D, the dimensionality of two-electron systems and evaluated the resulting changes in the correlation energy. They considered D-helium, D-spherium [8] where the electrons move in a constant potential on the surface of a hypersphere of radius 1/Z, D-hookium [9, 10] where the electrons move in the harmonic potential   2 2 V r r  and D-ballium [11, 12] where the electrons are confined by an impenetrable barrier in a D-dimensional ball of radius R. Such a set of model systems are useful in providing further insight to the electron correlation problem.
The present study focuses on the effects of changing the radius of confinement on the correlation energy of ballium, the H -ion, He and the Li + ion confined at the center of an impenetrable sphere. The correlation between the electrons can be varied by changing the size of the system. This work follows from the pioneering work of Gimarc [13] , who investigated the correlation energy of the confined, two-electron atom using a three-term, explicitly correlated wavefunction to calculate the non-relativistic energy and a double-zeta wavefunction [14] to calculate the Hartree-Fock energy. Recent work using explicitly correlated wavefunctions to calculate accurate ground state energies [15] [16] [17] [18] and accurate unrestricted Hartree-Fock calculations provided an opportunity to perform a detailed study confined two-electron systems.
To the best of our knowledge, these are the first high-accuracy correlation energy calculations performed on confined atomic systems since the work of Gimarc.
We note here that the correlation energy within the Kohn-Sham (KS) model [19] of the density functional theory (DFT) [20] is defined in a different manner. The total KS energydensity functional is prescribed as the sum of the kinetic energy The accurate investigation of the properties of the various model systems listed above, with their tunable parameters for investigating correlation, provide an excellent opportunity for systematic exploration, and improvement, of the myriad density functionals currently available to the electronic structure [22, 23] .
The non-relativistic energies were calculated using explicitly correlated expansions in
Hylleraas coordinates [24] while the Hartree-Fock calculations were accomplished through a Bspline approach, which was independently verified through use of a method employing a spherical Bessel function representation [25] .
As pointed out by Taylor and Parr. [26] , the correlation energy can be partitioned into the caused by changes in Z and in the radius of confinement, R.
Computational details
Calculation of the non-relativistic energies followed the method of ten Seldam and de Groot [30] through the development of the secular determinant. Atomic units were used throughout.
The explicitly correlated wavefunction for two electrons confined in an impenetrable sphere of radius R was an expansion of the form ;; s r r t r r u r
The factors   incorporates the electron-nuclear attraction,  for ballium was set equal to zero and the wavefunction had the same form as equation (21) of [7] . We note in passing that for R  1 a 0 , setting  = 0 introduces error in sixth decimal place, even for Z = 2.
All terms with 
The calculations were coded in Maple and performed on a 2.66 GHz dual-core processor.
Typical computational time was 70 minutes.
After the completion of these calculations, we became aware of the work of Pan et al. [29] , who have developed a formulation of the Hylleraas integrals that changes the order of integration and thereby reduces equation (6) The restricted Hartree-Fock energies were calculated through a method employing a zeroth order spherical Bessel function representation of the Hartree-Fock orbitals. This method and its implementation has been described in detail in [25] . In a basis of zeroth order spherical Bessel functions, convergence with respect to principal quantum number (μ) is rapid, requiring an μ max of 7 for 10
E h accuracy for the Z=0 problem [7, 25] . As was observed in [25] , for Z ≠ 0 convergence of this basis is far slower with respect to μ, and is a much subtler function of R. For H -, He, and Li + several representative R were investigated and converged with respect to μ. We have also employed a B-spline approach in order to evaluate the performance of the zero order spherical Bessel representation. B-spline calculations were carried out using a modified HF code [16] with the choice of 100-term B-spline set of order K = 9. A preset finite radius of confinement R on an exponential type knot sequence [17] with the initial interval as 10 -4 was employed. The zero order spherical basis set Hartree-Fock calculations have been found to be in quantitative agreement with the B-spline basis results.
Results and discussion
, radial EE and HF E were calculated over the range of R from 0.05 a 0 to 10 a 0 . Selected energies and the corresponding correlation energies of equations (1-3) are shown in Table 1 .
Also shown is % corr E , defined as % 100
The correlation energies are summarized in Figure 1 . As pointed out by Gimarc [13] , the electrons do most of their correlating of motion inside what we normally consider the dimensions of the atom or ion. A case could be made for defining the dimension of a system as that region outside of which the correlation energy becomes constant.
find the radial and angular contributions to the correlation energy over a range of values of nuclear charge and confinement. We find that the correlation energies are relatively constant except at very tight confinement, even though the system energies vary significantly.
Gimarc [13] decreases with increasing R, approaching the free-system value from above. This is consistent with our picture of increased opportunity for the electrons to be at different distances from the nucleus as the volume of the system increases, The slope of the , ang corr E versus R curve is negative at small R, becomes increasingly negative as R increases, then passes through a minimum before increasing to zero for large R. are found as small differences between the non-relativistic, radial limit and Hartree-Fock energies. They are determined by the electron-nuclear attraction, the electronelectron repulsion and the requirement that the wavefunction go to zero at R. The detailed interactions behind the shapes of the curves are both interesting and complicated. Better understanding of the details of these interactions offers interesting possibilities for future work.
It is hoped that this careful investigation of correlation for a series of two-electron systems will be a boon to the electronic structure community, both through a provision of benchmark quality data, and through additional physical understanding of the phenomena of correlation dual functions of confining and nuclear potentials. 
